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An Empirical Review of US Corporate Default Swap Valuation:
The Implications of Functional Forms

CHAPTER ONE

1.0  Introduction

The current financial literature disputes the exact period credit derivatives
emerged as a tool for managing risks by banks and other lenders. However the
majority seems to agree that credit derivatives evolved sometime between 1993 and
1995. Simply stated a credit derivative is designed to minimize risk and may be
structured as a credit default swap (CDS), forward, or an option contract that transfers
an asset’s risk from one counter-party to another without transferring ownership of
the underlying asset. Credit derivatives grew out of the banking sector’s desire to find
new innovative tools for use in reducing credit risks and for transferring these shocks
more broadly throughout the financial system. The resultant effect was an increase in
the sector’s liquidity, and the diversifying of portfolio risks.

Kiff and Marrow (2000) suggest that credit derivatives should enhance the
liquidity and efficiency of markets for risky products by facilitating risk transfer and
price transparency. They are also of the view that credit derivative will also improve
the price discovery process for credit risk by facilitating the trading of such risks for
which cash markets are illiquid or are distorted by various factors. Given the

preceding, the current recessionary economic climate of 2003 should result in a



continuation in the phenomenal demand for credit derivatives as investors try to
hedge their investment risk in a bad domestic and global economy.

For the time being at least, the benefits of credit derivatives seem to outweigh
the risks, and as such, Alan Greenspan in an appearance before the council of foreign
relations in November of 2002 suggested that financial instruments such as credit
derivatives appear to have effectively spread losses from defaults by Enron, Global
Crossing, Railtrack, Worldcom, Swissair, and sovereign defaulted Argentinean debt
to a wider set of banks. As a result of this credit hedging, no major financial entity
was bankrupted and banks operating in the industry with largely short-term leverage
were able to transfer some of this liability to insurance firms, pension funds, or others
with diffuse long term liabilities or no liabilities at all. This approach ensured that this
fairly illiquid sector was not shut out of the credit market during that period of

relatively high levels of corporate bankruptcies.

1.1 Credit Default Swaps

Credit default swaps were first introduced at the annual meeting of the
International Swaps and Derivatives Association (ISDA) of 1992. Since then the
global credit default swap market has experienced impressive growth and though this
market is still relatively small, it is the fastest growing segment of the global
derivatives market. Spurred by the recent Asian financial crisis, the traded volume in

default swaps has increased dramatically. According to Reyfman and Toft (2001),



globally, more than $1 Bln in default swap notional exposures to more than several
dozen names is traded daily.

Credit default swaps offer protection against default of a pre-determined
corporate bond issue. The CDS may be exercised either upon the occurrence of a
default event or when spreads exceed certain predefined boundaries. In the event of
default, a full recovery default swap will pay the principal and accrued interest in
exchange for the defaulted bond. There are a number of variations of credit default
swap contracts in existence, however the one that appears most popular is the one that
is physically delivered, has full recovery, and carries no embedded options. As
discussed elsewhere in this study, these swaps characteristically have two legs, the
first is the premium leg and the second is a floating leg. The premium leg represents
the stream of payments or spread to the protection seller and the floating or protection
leg is the lump-sum payment to the protection buyer in the event of a default.

The credit default swap contract protects the holder of an underlying asset
from counterparty risk or the losses caused by the occurrence of a credit even by the
issuer. A number of studies most notably that of Hargreaves (2000) put the notional
value of CDS at $400 Bln in 1999 and expect that this exponential growth will
continue through 2003.

The Federal Reserves Board and the Office of the Comptroller of the
currency, classifies credit derivatives as on and off balance sheet financial
instruments that permit banking organizations to assume or transfer credit risk on a

named or basket of assets. As discussed later in this section, the 1999 ISDA “Credit



Derivatives Definition” publication, which was amended in 2001, was a big move in
standardizing the various terminologies in credit derivatives transactions.

Figure 1 displays a flowchart with a simplified illustration of a credit default
swap transaction. The CDS is shown as a bilateral contract in which a periodic fee or
premium is paid by a protection buyer to a protection seller in exchange for a
contingent payment in the event there is the occurrence of a pre-specified credit event
by the reference entity. The buyer either pays an upfront premium amount or makes
periodic payments to the seller. The protection buyer of the swap contract obtains the
right to sell the reference obligation for its notional principal when the credit event
occurs.

There are a number of variations on the standard credit default swap. In a
single named credit default swap; the payoff in the event of a default is a specific
dollar amount. In a basket credit default swap, a group of reference entities are
specified and the payout is based on a first, second or third-to default basis. It is
important to note at this point that, a default swap will pay out only if the reference
entity defaults; reductions in value unaccompanied by default do not compensate the
buyer in any way. Also, the event of default must be verifiable by publicly available
information or an independent auditor. Following a credit event, the generally
accepted settlement convention is for the contract to be either physical or cash settled.

(a) A cash settlement where the buyer keeps the underlying asset(s), but is

compensated by the seller for the loss incurred by the credit event. That is,

the cash settlement would entail the protection buyer, receiving par minus



the default price of the reference asset in cash, which is usually gathered
via a poll of dealers.

(b) A physical settlement procedure, where the buyer delivers the reference
obligation(s) to the seller, and in return, he receives the full notional
amount or par value in cash.

In either case the value of the buyer’s portfolio is restored to the initial notional
amount.

In a contingent credit default swap, the payoff requires both a credit event and
an additional trigger. The additional trigger might be a credit event with respect to
another reference entity or a specified movement in some market variable. In a
dynamic credit default swap, the notional amount determining the payoff is linked to

the mark-to-market value of a portfolio of swaps.
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Credit events that can trigger the payment of a credit default swap in exhibit 1
are (a) bankruptcy, (b) failure to pay, (c) obligation default, (d) obligation
acceleration, (e) repudiation/moratorium, and (f) restructuring. These six credit events
are based on ISDA’s 1999 definition of credit events that can trigger payments on a
credit default swap. Market participants have recently attempted to further narrow the
list of events that could trigger payouts by eliminating so called Soft credit events.
Such events, which are more akin to credit deterioration than default, have also often
been the subject of competing interpretation. In April of 2002 European market
participants followed the lead taken by US dealers and abandoned two such potential
credit events (obligation acceleration and repudiation/moratorium).

In spite of these amendments, significant disagreement remains over the issue
of debt restructuring. Although credit default swaps can be traded both with and
without restructuring clauses, European banks have tended to offer contracts with
ISDA’s 1999 terminology, while since May 2001 US dealers have been offering
contracts with a narrower definition of restructuring. The modified clause essentially
limits the maturity and type of obligations that are deliverable after the occurrence of
a restructuring; thereby reducing the opportunity of buyers of protection to exercise
the cheapest to deliver option under physically settled credit default swaps.

Additional features in a default swap transaction worth discussing involve the
handling of periodic payments and the occurrence of a default. In this instance the
buyer is typically required to pay the part of the premium payment that has accrued

since the last payment date, called the accrual payment. As discussed earlier, the



credit event may apply to a single reference obligation, but more commonly the event
refers to any one of a much broader class of debt securities, including bonds and
loans. Similarly, the delivery of obligations in case of physical settlement can be
restricted to a specific instrument, though more usually the buyer may choose from a
list of qualifying obligations. Counter-parties can limit the value of the delivery

option by restricting the range of deliverable obligations.

Table 1: The Credit Default, Interest rate and Currency Swap Market ($Blns)

Total Interest Credit
Period Rate & Year over Default Year over
Currency Swaps | Year Change Swaps Year Change

Outstanding Outstanding

1% half 01 57,305.00 - 631.50 -

2" half 01 69,207.30 20.77% 918.87 45.51%

1* half 02 82,737.03 19.55% 1,563.48 70.15%

2"% half 02 101,318.49 22.46% 2,191.57 40.17%

1* half 03 123,899.63 22.29% 2,687.91 22.65%

Source: Bank of International Settlements Triennial Reports

1.2 The Credit Derivative Market and Credit Risks

The year 2002 was eventful for the credit derivatives market, because the default of
Argentina and the collapse of Enron, lead investors to attach greater importance to the
availability of liquid instruments for the hedging and trading of sovereign and
corporate risk. Table 1 provides evidence to confirm the rapid growth of the Credit

derivative market. The use of credit derivatives to hedge risks by BIS member banks



and dealers in nearly 50 countries, has grown from $631.5 Billion in the 1** half of
2001 to $2,687.91 Billion through the first half of 20031, a rate of growth of
approximately 325.64 percent over these five half yearly reporting periods.

Table 2 presents a composition of the global bond market. From this table it is
apparent that the relative size of the government bond market has been steadily
declining relative to the corporate bond market. This is evidenced in the contraction
of the government bonds outstanding from 62.8 percent in 1990 to 52.9 percent in
2001, while the corporate bond market has grown from 27.5 percent in 1990 to 29.7
percent in 2001.

Greenspan (2002) stated that the current credit derivatives market is growing
at a phenomenal rate. This observation is evidenced from table 2 which shows that
the steady decline in sovereign debt and the concomitant growth in corporate debt
may be indicating that investors have accepted credit derivatives as a very useful
means of managing the relatively large and growing volume of credit risks that global
markets handle daily. However despite the growth of the credit derivatives market,
the credit default swap, which is the largest segment of the credit default market, is
still significantly smaller than the derivative markets for interest rate and currency

swaps, see table 1.
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The market for credit derivatives has grown in prominence not only because
of its ability to disperse risk but also because of the information it contributes to
enhance risk management by banks and other financial intermediaries. The rapid
informal adoption of the use of credit derivatives, such as CDS for US corporate and
sovereign risk diffusion by the finance community resulted in the Office of the
Comptroller of the Currency (OCC) as early as 1996 issuing its consent and guidance
to its 2,870 member banks' that use credit derivatives in an attempt to manage more
efficiently the credit risk in their portfolio. Three years later in 1999 the International
Swaps and Derivatives Association (ISDA) made its first formal attempt to
standardize this new and emerging market by streamlining the existing documentation
and definitions on default swap trading used in lending transactions, in its publication

of the ISDA Credit Default Swap Derivative Definitions.

1.3 Counter-party Risk

With the exception of holders of default free US treasury instruments,
investors in bonds faces the risk that the bond issuer will default on the debt. To
hedge this risk investors turn to the market for credit derivatives. As previously
discussed in section 1.2, credit derivatives allow investors to manage credit risk
exposure of their portfolios or asset holdings, by providing insurance against
deterioration in credit quality of the borrowing entity. If there is a technical default by

the borrower or an actual default on the loan itself, and the bond is marked down in

! Office of the Comptroller of the Currency, “Credit Derivative Guidance Issued by OCC; New
products used to manage Credit Risks,” (August 1996)



12

price, the losses suffered by the investor can be recouped in part or in full through the
payout made by the credit derivative.

An investor is exposed to credit risk when one or more of the underlying
reference entities in his portfolio experience a credit event either through inability to
maintain the interest servicing or because of bankruptcy or insolvency leading to an
inability to service the debt. Several observers have suggested that global markets are
faced with much larger exposure to credit risk than to interest rate or currency risk.
Credit risk fluctuates with business cycles and the economic circumstances of the
business.

A number of measures of credit risks are available to investors for use in
assessing the level of risk associated with potential borrowers. One measure is the
credit rating assigned to each business by the rating agencies such as Moody’s and
standard and poor (S&P). These agencies undertake a formal periodic financial
evaluation of all corporate and sovereign borrowers, after which a rating is
announced. Moody’s investor services ranking range from an AAA (Excellent
corporate credit standing) to an A, which is a marginal credit position. Similarly the
S&P ranks excellent corporate credit with a BBB ranking and marginal credit with a
ranking of B. A more quantitative measure of credit risk is the credit risk premium,
which is the spread between the yields on the same currency benchmark bonds and
corporate bonds. Figure 2 illustrates the variability of the spread between the ten-year
treasury instruments and the composite corporate AAA, AA and A bond rates. The

chart shows a credit premium above the 10-year bench mark Treasury note for all
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corporate bonds, with the credit premium spread increasing as the credit quality
deteriorates. The gap between the spread of the AAA and A rated bonds highlights
this phenomenon. This premium between the triple A rated bonds and the double A
rated is the compensation required by investors for holding risky bonds. The credit
premium required will fluctuate across business and industries, depending on
perceived credit risks and the state of the economy.

The pricing of credit derivatives today is closely tied to funding costs. The total
rate of return swap is an obvious case, being not much more than a synthetic
financing transaction or lease. Since the total return seller is effectively selling the
underlying asset, the swap fee should be above the rate at which the seller can invest
funds. Pricing a default swap is more complex because its economic performance is
tied to specific credit events. However if it is assumed that the terms of the default
swap cover all events that would affect the total rate of return on the underlying
reference asset, a protection sale can be viewed as being equivalent to a fully funded
long position in the reference asset. Hence the premium should be closely related to
the spread between the expected total rate of return on the reference asset and the
funding cost.

The wider the gap between the buyer’s marginal funding cost and the seller’s
marginal reinvestment rate, the greater should be the incentive to trade credit

derivatives.
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14 The Purpose and Contribution of this Study

One issue of growing importance both in academia and in the financial
industry is corporate defaults and the accompanying credit risk. A review of the
industry has shown that while overall quality of global credit has deteriorated; the
volume of corporate bonds (corporate credit risk) has risen dramatically over the past
few years. As previously discussed in section 1.2, the growing importance of the
corporate debt component of the global debt market relative to government debt
indicates a growth in global credit risk, which in itself partly explains the observed
exponential growth in the use of credit default swaps. Since credit default swaps have
become such important instruments in the development of the over the counter credit
derivative market, this study will examine the pricing of credit default swaps using a
reduced form model, when the payoff is contingent on default by a single or multiple
reference entity and the presence of counter-party default risk’.

Although many researchers have used reduced functional reduced forms with
restricted assumptions for default probabilities, interest rates and recovery rates, this
approach remains controversial>. An alternative is derived from the Heath Jarrow
Morton (HIM) reduced form framework that is less restricted and where correlated

defaults arise due to the fact that a firm’s default intensities depend on some common

2 Altman et al (2002) in BIS Working papers #113 suggests that empirical evidence from reduced form
models is limited.
3 Hull and White
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macro-economic factors. The Heath Jarrow Morton (HJM) approach is quite popular
in the literature, particularly in international finance models.

The goal of this study is to examine the empirical results of a standard Jarrow
two-factor parameterization, and secondly, to extend this specification to allow the
hazard rate to be a function of more than one state variable. In the Jarrow model the
hazard rate is only a function of the default-free interest rate. Both specifications will
be used in the pricing of market traded US corporate credit default swap. The
estimates of the parameters will be compared across the standard and extended forms
of the Jarrow reduced-form two-factor pricing model, across the CFSB dataset, and to
the estimates obtained in similar studies to determine the relevance of these
assumptions to the outcome of the results.

Jarrow’s parameterization appears limited by the choice of sample size.
Jarrow’s sample was limited to a sample period of 52 days, 22 companies and 8
industries. For this study, the sample period will be based on 15 months of daily data,
spanning 53 companies and 18 industries. The increased sample size should provide
more robust estimators and better statistical significance of the outcome measure.

Additionally, the extended three-factor reduced form model will introduce a
liquidity variable, which will allow the model to capture the effects of liquidity on
credit default swap spreads. As of late, liquidity spreads are increasingly being
viewed as a function of the volatility of the firm’s assets and leverage, which are key

determinants of credit risk. Finally, the study will examine whether swap rates

* In the Jarrow model the bankruptcy process follows a discrete state space Markov process in the
firm’s credit rating.



17

adequately reflect credit risks in the US corporate credit default swap market, and the

effect of credit ratings on the overall explanatory power of both the standard and

extended models. From this analysis, inferences could be made about the

effectiveness of CDS pricing and the adequacy of swap rates in reflecting credit risks.

1.5

Hypotheses of the study

The study will test the following hypotheses;

1.6

(a) Market and credit risks are positively related, inseparable and dependent
on the macro economy.

(b) Extending the Jarrow reduced form model to include a measure of
liquidity of the corporate credit market will result in the CDS value being
fully determined.

(c) The Hazard function parameter estimates are stable across sample periods.

(d) Liquidity has a positive relationship with CDS spreads and the spot rate.

Assumptions

(a) Markets are frictionless with no arbitrage opportunities;

(b) Constant exogenous recovery rate;

(c) The US Treasury is the default free rate;

(d) Default events and recovery rates are correlated and depend on the Macro
Economy;

(e) The State variable is representative of several macro economic factors.
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1.7 Organization of the study

The study is organized into six chapters. Chapter one provides a background
to the study, giving some overview to credit derivatives, the credit derivatives market
and credit risk. This background helps to develop the study’s purpose and empirical
contribution. Chapter two reviews the existing literature on credit derivatives pricing.
The study reviewed a number of empirical approaches that have been used by various
researchers and highlight the findings.

Chapter three looks at the theoretical foundation, exploring a number of
theories that forms the underpinning of credit derivative pricing and credit risk.
Chapter four, which is a discussion of the study’s empirical procedures, presents the
application of the pricing model to US corporate data. The chapter is divided into four
sections, with section one discussing the data, section two outlining the choice of the
default free interest rate, section three discusses the calibration of the model, the
default-free interest and hazard rates dynamics. Wherein section four presents both
the two-factor and extended model’s valuation methodology.

Chapter five presents the result of the study’s spot rate parameter estimation,
the default intensity estimation and discusses the results. Chapter six concludes the
study and uses the findings to make suggestions to policy and direction of future

research.



CHAPTER TWO

2.0 Literature Review of Credit Default Swap Pricing

Over the last few years the pricing of bonds and other contingent claims that are
the subject of default risks have been widely studied and presented in the finance
literature. Following the increasingly common nomenclature in the financial literature on
default, the primary types of models proposed to price these risky financial instruments
are classified into two basic categories, the structural and the reduced form models.

The structural form model views bonds subject to credit risk as options written on
the value of an underlying firm’s assets, in so doing the models treats the bankruptcy or
default process as endogenous by explicitly modeling the asset and liability structure of
the company. In other words default endogenously occurs when the debt value of the firm
exceeds the total value of the firm. Duffie and Singleton (1999) also suggest that these
models are based on first passage of assets to a default boundary. These models have
been used by Merton (1974), Chance (1990), Longstaff and Schwartz (1995), Leland and
Toft (1996). Whereas structural models assume that the recovery processes are
endogenously determined, these models have difficulty incorporating complex debt
structures, hence different definitions of default for different debt classes. In addition
these models are difficult to calibrate to market prices.

The reduced form models, which also have its proponents in industry and
academia, are based on an assumed form of default intensity. In this class of valuation
models default occurs unexpectedly and follows some random jump process. Belanger et

al (2003) suggests that the reduced form models are less ambitious than structural models
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and uses risk neutral pricing of contingent claims and take the time of default as an
exogenous random variable. In the event of a default the recovery rate is parameterized
but does not take explicit account of hierarchy liabilities. Reduced form models are much
easier calibrated to market data, however they have difficulty with the incorporation of

realistic recovery assumptions.

2.1 Structural Models

In the structural model framework, stochastic process for both the value of assets
and liabilities are specified and default is triggered whenever the value of assets falls
below the value of liabilities. Though these class of models show success in fitting actual
data, some parameterization of the structural approach uses only equity prices and
balance sheet data to estimate the bankruptcy process’ parameters. The rational is that
debt markets are too illiquid and debt prices too noisy to be useful. However this
implementation of the structural approach ignores the possibility of stock price bubbles as
evidenced by the recent Internet bubble, and the misspecification that this omission
implies. Additionally use of the structural approach requires information difficult to

obtain since large portions of a firm’s assets do not trade
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2.1.1 First Generation Structural Models: The Merton approach

These models are based on the original framework developed by Merton (1974)
using the principles of option pricing. A detail treatment of the Black-Scholes Option
pricing framework is discussed in Appendix A. In such a framework, the default process
of a company is driven by the value of the company’s assets and the risk of a firm’s
default is therefore explicitly linked to the variability in the firm’s asset value. The
Merton model premises that default occurs when the value of a firm’s assets is lower than
that of its liabilities. Assuming that the company’s debt is entirely represented by a zero-
coupon bond, if the value of the firm at maturity is greater than the face value of the
bond, then the bondholder gets back the face value of the bond. However, if the value of
the firm is less than the face value of the bond, the equity holders get nothing and the
bondholders get back the market value of the firm. The payoff at maturity of the
bondholder is therefore equivalent to the face value of the bond minus a put option on the
value of the firm, with a strike price equal to the face value of the bond and a maturity
equal to the maturity of the bond. Following this basic intuition, Merton derived an
explicit formula for default risky bonds, which can be used both to estimate the
probability of default (PD) of a firm and to estimate the yield differential between a risky

bond and a default-free bond>.

3 In addition to Merton (1974), first generation structural-form models include Black and Cox (1976),
Geske (1977), and Vasicek (1984). Each of these models tries to refine the original Merton Framework by
removing one or more of the unrealistic assumptions. Black and Cox (1976) introduces the possibilities of
more complex capital structures, with subordinate debt; Geske (1977) introduces interest paying debt;
Vasicek (1984) introduces the distinction between short and long term liabilities, which now represents a
distinctive feature of Kamakura Corp’s KMV model.
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Under the structural framework, all the relevant credit risk elements, including
default and recovery at default are a function of the structural characteristics of the firm’s
asset volatility and leverage. The recovery rate is therefore an endogenous variable, as the
creditor payoff is a function of the residual value of the defaulted company’s assets. More
precisely, under Merton’s theoretical framework, the probability of default and the

recovery rates are inversely related.

2.1.2 Second Generation Structural Models

Although the line of research that followed the Merton approach has proven very
useful in addressing the qualitatively important aspects of pricing credit risks, it has been
less successful in practical applicationsé. In response to these difficulties, an alternative
approach was developed which still adopts the original framework developed by Merton
as far as the default process is concerned, but eliminates the unrealistic assumption which
suggests that default can occur only at the maturity of the debt when the firm’s assets are
no longer sufficient to cover debt obligations. Instead, it is assumed that default maturity
occur at any time between the issuance and maturity of the debt and that default is
triggered when the value of the firm’s assets reaches a lower threshold level. These

models include among others, Hull and White (1995) and Longstaff and Schwartz (1995)

® Jones, Mason and Rosenfeld (1984) found that even for firms with very simple capital structures, it was
no better than a Merton type model to price investment grade corporate bonds, than a naive model that
assumes no risk of default.
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Despite these improvements with respect to the original Merton Framework,
second generation structural form models still suffer from three main drawbacks, which
represents the main reasons behind their relatively poor empirical performance. They still
require estimates for the parameters of the firm’s asset value, which is non-observable.
Also, they cannot incorporate credit rating changes that occur quite frequently for default
risky corporate debts. Finally, most structural form models assume that the value of the
firm is continuous in time. As a result, the time of default can be predicted just before it

happens and thus no surprise events.

2.2  Reduced Form Models

The attempt to overcome these difficulties of the structural models gave rise to
reduced form models, that only uses market determined prices or parameters that can be
estimated. These models include those developed by Litterman and Iben (1991), Mada
and Unal (1995), Jarrow and Turnbull (1995), Jarrow, Lando and Turnbull (1997), Duffie
and Singleton (1999) and Duffie (1998). Hence unlike the structural models the existing
literature on implementing reduced form models concentrate on debt prices while
ignoring equity prices Jarrow, Lando and Turnbull (1997) and Duffie and Singleton
(1999). This occurs because the reduced form model assumes that default is an
unpredictable event following some exogenous process and so does not require estimates
of the value of the firm’s assets. Most of the studies reviewed, present default as a

random stopping time with stochastic or deterministic arrival intensity (hazard rate),
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while the recovery rate is usually assumed to be constant. Duffie and Singleton (1999)
present a general framework to price default risky securities, wherein an exogenous
hazard rate is imposed for the default event. Other leading frameworks such as the
Jarrow, Lando, and Turnbull (1997) Markov chain model, extends the work of Litterman
and Iben (1991) and Jarrow and Turnbull (1995) to include multiple credit ratings. Other
important contributions were made by Duffie, Schroder, and Skiadas (1996), Lando
(1998), Madan and Unal (1998) and Schonbucher (1998).

Reduced form models fundamentally differ from typical structural form models in
the degree of predictability of the default. A typical reduced form model assumes an
exogenous random variable drives default and the probability of default over any time
interval is non zero. Default occurs when the random variable undergoes a discrete shift
in its level. These models treat default as unpredictable Poisson events. The time at which
the discrete shift will occur cannot be foretold on the basis of information available
today.

Reduced form models introduce separate explicit assumptions on the dynamics of
both the probability of default and recovery rates. These variables are modeled
independently from the structural features of the firm, its asset volatility and leverage.
Generally, reduced form models assume an exogenous recovery rate that is independent
of the probability of default. More specifically, they take as primitives the behavior of the
default-free interest rates, the recovery rates of defaultable bonds at default, as well as a
stochastic intensity process for default. At each instant there is some probability that a

firm will default on its obligation. Both this probability and the recovery rate in the event
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of default may vary stochastically through time. The stochastic processes determine the
price of the credit risk. Although these processes are not formally linked to the firm’s
asset value, there is presumably some underlying relation thus Duffie and Singleton
(1999) describe these alternative approaches as reduced form models.

Additionally, the empirical literature on reduced form models has focused on
estimating the parameters of the following three processes, (a) the hazard process, (b) the
spread process, and (c) the risk-free short rate process. Cumby and Evans (1997)
considered both cross-sectional estimation of a constant hazard rate model and time series
estimation of several stochastic specifications. Madan and Unal (1998) estimated
recovery and hazard processes in a two-step procedure using Maximum likelihood
estimation (ML) and Generalized Methods of Moments (GMM). Duffie (1998) applied
ML with Kalman filtering to obtain parameter estimates of Cox, Ingersoll, and Ross
(1985) processes from time-series data. Janosi, Jarrow, and Yildirim (2000) used non-
linear least squares to estimate the hazard rate parameters from cross-sectional data.

Janosi et al (2000) specified a stochastic hazard rate that depends on the default
free short rate and an equity index, whereas Jarrow (2001) estimated a constant hazard
rate. The second approach refrains from modeling the default and recovery components
of credit risk and directly estimates the spread process instead. Nielson and Ronn (1998)
estimated a lognormal spread model using non-linear least squares on cross-sectional
data. Tauren (1999) utilized GMM to estimate the credit spread dynamics as a Chan,
Karolyi, Longstaff, and Sanders (1992) process. Diilmann and Windfuhr (2000)

implemented a ML procedure with Kalman filtering to obtain parameter estimates of
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Vasicek (1997) and CIR models for the instantaneous credit spreads. Duffie, Pedersen,
and Singleton (2000) used an approximate ML method to estimate a multifactor model
with Vasicek and CIR processes. The third approach considers the sum of the default free
rate and the credit spread, and then estimates a model for the total risky rate. Duffie and
Singleton (1997) used this approach to estimate the swap rate as a two-factor CIR process
using Maximum Likelihood.

In the event of a default in the reduced form models by Jarrow and Turnbull (1995),
Duffie and Singleton (1999) allows the bond to either, (a) survive and pay whatever was
promised or (b) defaults and pays a recovery amount. Jarrow and Turnbull (1995) assume
recoveries in the event of default and solve for the hazard rate (pseudo probability of
default) by calibrating this parameter to guarantee that the model replicates an
exogenously supplied credit spread. Das and Sundaram (1998) extract values of the
recovery and hazard rates jointly from a bivariate model of the credit spread through use
of a logit procedure. This procedure requires a time series of term structures to
implement. Finally Duffie and Singleton (1999) model the credit risky interest rate as a
default free interest rate plus a term that jointly adjusts for the hazard and recovery rates.
This simplification is possible because they assume that recoveries in the event of a
default are a fraction of the survival contingent value of a credit risky bond. This
simplification allows one to model credit risky interest rates in the same way that we
currently model credit risk free interest rates and reduces considerably the computational

burden of implementing reduced form credit risk models.
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Hull and White (2000, 2001) used a reduced form model to value credit default swaps
that required them to develop estimates of the recovery rate and the probability of default
in a risk neutral world. Once the recovery rate was estimated the probability of default
was calculated from the prices of bonds issued by the reference entity or from the spread
premium quoted for other CDS on the reference entity. They found that the pricing of
vanilla CDS is relatively insensitive to the recovery rate providing the same recovery rate
is used to estimate default probabilities and to value the credit default swap.

Hull and White’s valuation of default swaps rests on the assumptions that default
probabilities, interest rates and recovery rates are mutually independent, and relaxing
these assumptions would require very complex models. However Jarrow (2001) refutes
this claim with a reduced form model that allows default probabilities and recovery rates
to be correlated and dependent on the macro economy. Thus the resulting reduced form
model integrates market and credit risk with correlated defaults. The common macro
factor used was the spot rate of interest, which was assumed to follow an extended
Vasicek model in the Heath Jarrow Morton (HJM) framework.

This study will use the Jarrow (2001) Reduce form two-factor model to price credit
default swaps with correlated credit and market risks, assuming both counter-party

default risks and that the full term structure of the credit derivative spread is known.
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2.3  Conclusion

The literature review summarized the development of credit risk models over the
last 30 years, more specifically looking at how they treat the recovery rate and their
relationship with the probability of default of an obligor. The models discussed together
with their assumptions, advantages, drawbacks and empirical performances were
outlined. The review later determined that given the drawbacks of the structural form
models the reduced form models have proven to be a useful tool for analyzing the
dynamics of credit default swap spreads. The review further found that the Jarrow
reduced form two-factor model appeared to be one of the better reduced form models for

evaluating credit default swap term structure and valuation.



CHAPTER THREE

3.0  Theoretical Foundations

The pricing of credit default swaps and other derivative securities whose
payoff depends on the prices of some other underlying securities is based on the well
known law of one price or no arbitrage condition. These models establish a number of
simplifying assumptions, which are then used to derive the arbitrage free price, which is a
function of the underlying security. As discussed in Chapter 2, the two main approaches
to pricing credit derivatives are the structural models, which attempts to establish
relationships between the capital structure of the issuer of securities underlying the credit
derivative, and the reduced form method where pricing is done by postulating models for
the stochastic process involved without any particular regard for the capital structure. The
reduced form parameterization will be the model specified and estimated following

Jarrow and Turnbull (1995).

3.1 Model Structure
This section lay out the model structure and the component parts of the model.
Section 3.1.1 describes the general economy, Section 3.1.2 gives the financial market

structure and section 3.1.3 gives the information structure available to investors.

29
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3.1.1 The Economy

The general model of the economy is introduced in this section. For the study we
consider a pure exchange, frictionless economy with a finite horizon [o, ] for a fixed
T > 0. Trading can be discrete or continuous and traded are default-free zero coupon
bonds of all maturities, a default free money market account, and risky zero-coupon
bonds of all maturities. The portfolio of bonds serves as the numeraire. The underlying
uncertainty in the economy is represented by a filtered probability space (€2, F, P), where
Q is the state space, F is the c-algebra representing measurable events, and P is the
empirical probability measure. Information evolves over the trading interval according to
the augmented right continuous complete filtration {F, t € [0, t]} generated by n > 1
independent Brownian motions {W;(t), W(t),...,Wu(t): t € [0, ]} initialized at zero. We

let E(e) denote expectation with respect to the probability measure P.

3.1.2 The Financial Market Structure

The market is assumed to be frictionless, arbitrage-free and complete and as
discussed in section 3.1 there are three types of assets that are traded in this economy, all
with a face value of $1. For this market it is assumed that there exists an equivalent
martingale measure (risk-neutral measure) Q making all the default free and risk zero
coupon bond prices martingales, after normalization by the money market account. This
assumption is equivalent to the statement that the markets for default free and risky debt

are complete and arbitrage free.



31

Following Karoui and Martellini (2002), the risky asset’s price is assumed to be;

Lo tsoam 1)

t
and the return on asset for the money market risk-free asset in continuous time is given

by

B:=exp ({ |r(s)ds} or in discrete time as d;;" =rdt. 2)

0 t

where r; is the risk free rate in the economy. Given the preceding asset price equations
the following assumptions will be established:

Assumption 1. The coefficients u, r; are bounded and deterministic functions of
time and r; > 0.

Assumption 2. The coefficients o, is a bounded, invertible, deterministic function
of time and the universe o' is also a bounded function.

Under these assumptions, the market is complete and arbitrage free. Under the
maintained assumption of arbitrage free and complete markets, the default free
bond prices can be stated as the expected discounted value of a sure dollar

received at time T, that is,

_ 580
pt, )= E( B

) 3)

The fundamental insight of these credit risk pricing models is that under certain
conditions an option’s payoff can be exactly replicated by a particular dynamic
investment strategy involving only the underlying security and risk-less debt. This

particular strategy may be constructed as a European Option where there is no

requirement for any cash infusion except at the start and allowing no cash withdrawal
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until the option expires. Since such a strategy replicates the options payoff at expiration,
the initial cost of this perpetual or self-financing investment strategy must be identical to

the option’s price; otherwise an arbitrage opportunity will arise.

3.13 The Information structure

The filtration F represents the arrival of information over time. In the context of
an uncertain time horizon and given the information available at time ¢, conditional
expectations and probabilities statements are denoted with respect to the equivalent

probability measure by E,(O) and Q (e) respectively. In other words, the information set

will be modeled in such a way that it encompasses at any date ¢ information about past
values of assets prices (®y), and also information about whether the event of interest has
occurred or not (N; = o(t A ©).

Following Jarrow et al p(t, T) will be the time t price of a default-free zero-
coupon bond paying a sure dollar at time T where 0 <t <T <t. We assume that forward

rates of all maturities exist and that they are defined in the continuous time case by f(z, T)

= ——a—Ta—log p(t,T). The default free spot rate denoted r; is defined by r; = f(7, ?).
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3.2 Derivative Pricing in the presence of Jumps

Jump processes, like continuous time are frequently used to produce a more
realistic description of the underlying processes in asset pricing. This is because in some
instances the underlying asset may undergo changes that can be better modeled as
unanticipated finite jumps. The pricing of credit derivatives has two important
occurrences of jumps that are important in pricing analyses. The first involves jumps in
the underlying process of the derivative instrument, whilst the second occurrence
concerns jumps in the value of the instrument itself as a result of changes in the
underlying process. If the underlying processes are modeled as continuous drift diffusion
processes, Ito’s lemma will completely define the process of a function of the underlying
process. Conversely, the effect of default of a firm is a sudden jump in the value of the
firm and its liabilities, and should be described by a jump process (for example, a
Poisson-process).

The Poisson Jump model is commonly used in finance to model either rare events
or discrete unanticipated events such as stock price changes or the occurrence of default.
The Poisson model states that the probability of the occurrence of one jump in the
interval 4, is h4, plus higher order terms, where h is called the jump intensity. In general
the jump intensity may be a stochastic process and the probability of one jump over the
infinitesimal interval dt is equal to hgdt. The probability that no jump has occurred in the
interval (O, T) is called the “Survival Probability” and is denoted by P,q. The change in
probability that no jump has occurred in the interval (O, T) is given by

dps() = -Psh(pdt 4)



34

Integrating this equation will give the survival Probability expression;

Py = e[__‘f’hmds] ()

The probability that at least one jump has occurred in the interval 0, t is simply
1 — Py).

As mentioned in the preceding paragraph, the Poisson process can be used to
model defaults, which are both rare and discrete. Usually the firm’s default is modeled as
the time of the first jump of a Poisson process. The parameter A in the construction of the
Poisson process is called the intensity of the process. The Poisson process may be
characterized by the following properties.

e The Poisson process has no memory. The probability of n jumps in
[t, t + s] is independent of N; and the history of N before t. In particular a jump is
more likely because the prior jump occurred at some earlier period.
e The inter-arrival time of a Poisson process (T, + 1 — Tn) are exponentially
distributed with density;
P[(ta+1 —1a) E tdt] = Ae™dt (6)
e Two or more jumps at exactly the same time have a probability of zero.

e The Poisson process is discontinuous.
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3.3  Default Intensities and Survival Probabilities

At the macroeconomic level the average incidence of default depends strongly on
the current state of the economy. Anecdotal evidence suggests that default rates are
negatively correlated with real economic activity over the business cycle. Fons (1991)
provided some empirical support for the correlation between the business cycle and
default rates. Fons’ (1991) study found a significant negative correlation between GNP
growth rates and the deviation of actual speculative grade default rates from extended
default rates.

The independent arrival of default risk over time is a fundamental assumption of
the classic Poisson model. Intuitively, given a constant default intensity A and a short
time period A, the default time can be approximated as the first time that a coin toss
results in “heads”, given independent tosses of the coin, one each period, with each toss
having a probability AA of heads and 1 — AA of tails. This demonstration shows the
unpredictable nature of a default simulation in the model. Following Duffie, Schroder,
and Skiadas (1993), the stochastic default between counter-parties can be modeled as a F-
stopping time ' valued in [0, ]. The default time for the swap is defined as 7 =1' A 7,
the minimum of 7' and t'. The event { t > T} is then the event of no default.

Though an obligor can default at any moment such occurrence are supposed to be
a surprise. Further, since it is implausible to assume that default intensity is constant over
time a simple extension of the basic Poisson model will allow for deterministically time

varying intensities. For example, assuming the default intensity is a known constant A(1)
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during year 1, and with a rate A(2) in year 2, conditional on surviving the first year. Then
by Bayers’s rule, the probability of survival for 2 years is

Py=PPyyy =™+ )
More generally, over t number of years the probability of survival is represented by;

P, = Egfe™ -+ 3] (8)
where A; is the default intensity for year I which is uncertain but constant within each
year. Under continuous time the deterministic continual variation in intensity can be
represented by

—}A(t)dt
Pt =e?

€))
Where A, is the intensity at time t.

Intensity based models that simulate default probabilities and timing defines
default as the first arrival time T of a Poisson process with some constant mean arrival

rate called the intensity, denoted by A. The process is characterized by;

o A probability survival for t years of p(t) = e (meaning that the time to default is
exponentially distributed.

o An expected time to default of 1/1.

o The probability of default over a time period of length A, given survival to the
beginning of this period is approximately AA for small A.

As discussed earlier, default is modeled by a Poisson process, stopping at the first
jump. The corresponding stopping time (Default time) is denoted by T and the law of T is

exponential with parameter A;. For each t < 1, Adt is the conditional probability of

default. In the time interval (¢, ¢ + dt), having all information available up to ¢. Default is
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assumed to be independent of default free interest rates. From bankruptcy on, each

promised payment is reduced to a known fraction 8 € [0, 1] denoted as a recovery rate.

3.4  Claims of the Investor

The modeling of the recovery rate process is a crucial component in any credit
risk model. A common assumption in the academic literature for the recovery rate
following Duffie and Singleton (1997) is that the value of a zero-coupon bond in default
is proportional to its value just prior to default. An alternative assumption often used, is
based upon the legal claims of bondholders in default. Under this assumption, the value
of a zero coupon bond in default is proportional to the implicit accrued interest. For
coupon bonds, the bondholders in default are accrued interest plus face value.

Following Jarrow (2001) and Hull and white (2000), when the recovery rate is
greater than zero, it becomes necessary to make an assumption about the claim made by a
bondholder in the event of a default. As stated earlier Duffie and Singleton (1997)
assume that the claim is equal to the value of the bond immediately prior to default,
however as pointed out by Jarrow (2001), these assumptions do not correspond to the
way bankruptcy laws work in most countries. The best assumption is therefore that the
claim made in the event of a default equals the face value of the bond plus accrued
interest. Hence following approach two, we will let v(¢, T) be the time ¢ price of a risky

zero coupon bond promising to pay a dollar at time t where ¢ < T < r. This promised
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dollar might not be paid in full if the firm is bankrupt’ at time T. If bankrupt, the firm
pays out only 6 < 1 dollar. The fraction 3, called the recovery rate, can depend on the
seniority of the risky zero-coupon debt relative to the other liabilities of the firm.

Jarrow et al (1997) takes the recovery rate as an exogenously given constant. This
constancy is imposed for simplicity of estimation and implies that the stochastic structure
of credit spreads will be independent of the recovery rate, and dependent only on the
stochastic structure of spot interest rates and the bankruptcy process. Let 7* represent the
random time at which bankruptcy occurs. Then as discussed later, the price of the risky
zero-coupon bond (presented below) is seen to be the expected discounted value of a

risky dollar received at time 7.

_[BO
v(t, T) [ 3ty Gl +1‘,.>,,)) (10)

where 1 .__ is the indicator function of the event { 7% < T}. If bankruptcy occurs prior to

(r*sT}
time t, it is assumed that claimholders will receive & for sure at the maturity of the
contract. This implies that the risky term structure simplifies and collapses to that of the

default free bonds.

3.5 General Pricing Framework: pricing derivative instruments

A variety of alternative approaches to the valuation of default risk have been

explored in the literature and implemented by practitioners. Most of these valuation

" Following Jarrow et al, Bankruptcy in this context covers any case of financial distress that results in the
bondholders receiving less than the promised payment.



39

models use zero-coupon defaultable bonds as a central building block. This is partly
because the prices of the risky coupon bond and the credit default swap are functions of
the same recovery rate and default probabilities, hence the information extracted from
both are theoretically equivalent. This is an important attribute since while CDS prices
maybe easily observed directly, computing credit spreads involves the preliminary step of
determining risk-free rates, which could be problematic since the CDS market tends to be
illiquid. CDS prices are only quoted for a subset of reference entities that have issued
bonds, and firm CDS prices are hard to find away from the most liquid points (typically
five years).

To derive the price of a hypothetical derivative instrument, first assume a default-
free investment with a promised payment of $1 at time T, where a conventional default
free term structure model is used for valuation. The model is assumed to be structured
similarly to a European styled option with no payouts until maturity, and a portfolio that
is self-financing (self financing options are discussed in details in section 3.7.1). The
model uses a short rate process r, with a stochastic behavior that is modeled under risk
neutral probability assessments, and is progressively measurable and integrable, so that

an investor can place one unit of account in risk-less deposits at any time t and roll over

the proceeds until time s > t for a (time s) market value of exp[ Irudu] :
t

This stochastic process is defined as a set of random variables parameterized by

time such as S, 0< t < T, defined in a fixed probability space {2, F, P}®. A filtration {Fy:

¥ The reader can see for example Schonberger 2002 for more technical details on Stochastic calculus.



40

t > 0} of o — algebra satisfying the usual conditions, is fixed and defines the information
that is revealed by observing the evolution of the stochastic process over time ¢.

Risk neutral probabilities exist under extremely weak no arbitrage conditions and
may be defined as the probability assessment under which the market value of a security
is the expectation of the discounted present value of its cash flow, using the compounded
short rate for discounting. If the short rate process changes only at continuous time
intervals, then the value of a default free zero coupon bond maturing at date T with a

promised payoff of $1 at maturity has a price at time T of;
—?r(u)du
3(t, T) =E* [e ' } (11)

Where E¢* denotes a risk neutral expectation, that is conditional on information available
at date t. This basic formulation of the continuous time pricing model problem consists of
expressing the current value of a derivative security as an expectation of properly
discounted future cash flows.

Risk neutral probabilities are often used in the pricing of default free securities so
as to ensure that the computation of the expectation in the time ¢ price is tractable. For
these models to be empirically sound, markets must be financially complete, and in the
event they are not there are some parametric specifications that are consistent with the
pricing of traded securities.

For purposes of this analysis it is assumed that default on these bonds only occur
on the coupon payment dates or maturity. This assumption simplifies the analyses, since

it eliminates complex computations for claims on accrued interest payments for mid
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coupon date defaults. While this may appear somewhat unrealistic, Hull and White
(2000) found that this assumption has little impact on extracted default probabilities.

Given the default-free zero-coupon bond price at time T, if the issuer defaults
prior to the maturity date 7, then in addition to spot rate r interest rate risks are the
additional uncertainty in both the timing and magnitude of the payoff to investors
(section 3.7.2 provides a discussion of market and credit risks in CDS pricing). To
simultaneously model these changes in derivatives pricing it is often convenient to view a
zero coupon bond as a portfolio of two securities. The first is a security that pays $1 at
date T if and only if the issuer survives to the maturity date T. The second is a security
the pays the random amount R (recovery received at default) if default occurs before
maturity. For parameterization of the pricing model, default time may be represented by
7, where 1> 1) is the indicator of the event that T > t, which has outcome $1 if the issuer
doesn’t default prior to time # and zero in the event of a default.

The price d(t, T) of this defaulted zero-coupon bond then becomes;
~frtwydu | i
dt, T) = E* |:e ' 1(:>T)j| +E, |:e ' Rl(rsr)} (12)

If recovery after a credit event such as a default is zero then R=0, and the last term in
equation 12 becomes zero so what is left will be the price of the survival contingent

security which is presented as;

—?r(u)du
doit, D=E*|e " 1., (13)
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Given this general derivative pricing framework, this study will characterize and
evaluate the constant recovery price dy(f, T) under the Jarrow (2001) parameterization
and extended reduced form model. This will involve characterizations of the joint

distribution of the default-free term structure and the default probabilities.

3.5.1 Credit Default Swap Valuation: The Jarrow Model

This section presents the Jarrow econometric two-factor model for CDS pricing
that will be used and then extended in this study. The default swap contract is being
viewed as consisting of a fixed and a floating leg. The fixed leg contains the payments by
a buyer to the seller and is known at the initiation of the contract. The floating leg on the
other hand comprises the unknown potential payment that will be made by the seller to
the buyer at some future date. For generality it is assumed that default events, treasury
interest rates, and recovery rates are mutually independent, plus the claim in the event of
default is the face value plus accrued interest.

When reduced form models are used to fit credit spreads it can be inferred that the
state variable 1) represents some common macro economic factors such as the Treasury
term structure level and slope. As in Jarrow 2001, the study first utilizes a model where
the economy is Markov in a single state variable, the spot rate of interest. The evolution
of the spot rate process under this single factor deterministic CIR model can be
represented as;

dr(t) = a[#(t) - r())dt + o, dW(2). (14)
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Where:
(a) W, is a standard Brownian motion under P initialized at W(0) =0,
(b) ¥(¢)is a deterministic function chosen to match the initial zero coupon bond
price curve,

(c) and where a# 0, and o, > 0 are constants.

The intensity function is assumed to be linear in the spot rate of interest and the

evolution of the spot rate is given under the risk neutral probability Q.
M=AO , Xi] (15)

Where :

(d) X is a deterministic function of time;

(e) A is a constant;

(f) X, state variable driving changes in default rates.
Jarrow’s model constrains A to be a constant, however this study will look at possible
functional forms where Aq is not a constant.

In calibrating the model to daily credit default swap premia we let p(t, T) be the
time ¢ price of a default free zero coupon bond paying a sure dollar at time T where 0 <¢
< T <t Itis assumed that forward rates of all maturities exists and in the continuous case

may be defined as;
f(t, T) = —log p(t,T) (16)
' oT gPLE)

The default free spot rate, denoted by r(2), is defined by r(t) = f(z, 7).
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Finally in its most general form, the fixed leg or cash payments Cr, called the default

swap rate can be determined at time 0, following Jarrow (2001) as;

T —?[r(u)u(u)]du
( Il(s)e 0 ds]
Cr="— (17)
Iv(O,s  0)ds

Where the variable (s) is the credit default swap spread. The following section of this

study will develop empirical versions of this model so as to simplify expression 17.

3.6  Market and Credit Risk

Credit risk is the risk of default or reductions in market value caused by changes
in the credit quality of issuers or counter-parties. Figure 2 illustrates the credit risk
associated with changes in spreads on corporate debt at various maturities. These
changes, showing the direct effects of changes in credit quality on the prices of corporate
bonds, also signal likely changes in the market values of over the counter derivative
positions held by corporate counter-parties.

In reduced form models, also known as intensity based models, credit risk is
jointly determined by the occurrence of default and the recovered amount at default.
Economic theory tells us that market and credit risk are intrinsically related to each other
and more importantly are not separable. If the market value of the firm’s assets
unexpectedly changes, generating market risk, this affects the probability of default,

generating credit risk. This lack of separation between market and credit risk affects the
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determination of economic capital, which is of central importance to financial regulators.
As it also affects risk adjusted return on capital used in measuring the performance of

different groups within a bank.
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3.9 Conclusion

Thus to implement the Jarrow reduced form model p(t, u) as well as estimates of
the default process parameters (A, 8) are needed. Chapter four lays out the theoretical
foundations surrounding how these estimations may be performed. The chapter begins by
developing the model components for the general economy, which then leads off into the
financial market structure. The latter half of the chapter lays out a general CDS pricing

framework, culminating in the Jarrow two-factor model that will be extended later.



CHAPTER FOUR

4.0 Overview

This chapter first describes the dataset used in the analyses, then leadoff into the
empirical procedures. Since it was not possible to collect data on the volume of trading
for the CDS, the analysis was based on quotes obtained on a cross section of corporate
entities. Before fitting the Credit Default swap valuation model, a number of variables
were first estimated, such as the spot rate parameters. Section 4.3 determines the forward
rate curve and subsequent spot rate and liquidity parameters. Section 4.3.2 presents the
Non-Linear OLS estimation procedures for the default parameter estimates. Section 4.4,
the high point to this chapter, tests the valuation model by looking at the model’s
predictability. The chapter concludes with the extended three-factor model which

introduces a liquidity parameter.

4.1 Description of the Data

To analyze the empirical specifications of the model in section 4.4, the study will
require market data on defaultable swaps and default free interest rates. The data

analyzed is based on weekly observations from December 31 2002 to February 10"
2004, wheret = 3—é5,...,t' . The data is comprised of a mixture of 53 US dollar

denominated AAA, AA, A, BBB, BB credit default swaps issued by 53 fortune 500

companies, across 18 industries chosen to stratify the various industry groupings such as

47
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cable/media, financial, insurance, U.S banks, telecom, energy, retail, technology and
manufacturing. The CDS data set was obtained from Credit Suisse First Boston, a
leading market maker for credit default swaps, which are spreads over weekly U.S.
Treasury quotes. Quotations are available only on days when there is some level of
liquidity in the market as evidenced either through trades or by active market making by
a dealer. Bloomberg was then used to obtain bond characteristics such as maturity dates,
coupon percentages and seniorities. Bloomberg was also used to obtain weekly U.S
Treasury, note and bill prices that were needed for the parameter estimation of the spot
rate process. The Credit Suisse First Boston credit default swap dataset is comprised of
quotes for contracts of maturities 1 through 6 years. During the sample period there are
59 weeks of default swap quotes per reference entity.

In reality since most of the credit default swaps trading activity is within the 5-
year time to maturity group, the price quotes on the 5 year CDS premia will be used in
the study’s pricing analyses. Default parameter estimates were calculated using 'z of the
observable data; the remaining '2 was used for forecasting and out of sample testing of

the predictability of the closed form model.

4.2 Choosing the Default Free Interest Rate

As stated in the preceding section the default swap valuation model requires a
term structure for default free interest rates as input data. The preponderance of empirical
papers uses the Government’s Treasury rates as the default free curve. For this study it is

assumed that the US Treasury rates are the benchmark zero default rates.
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4.3  Calibration of the Model

The empirical formulation of the reduced form model discussed in section 3.7.1
requires data on the Treasury yield curve, the credit risky curve applicable to the term
structure of the CDS, the binomial structure of the hazard rate and the recovery rate of the

reference entity in the event of a default.

4.3.1 Spot Rate

In calibrating the model to match the observed default swap quote term structure,
the study first estimated the parameters of the spot rate process. Following Jarrow et al
(2001) the inputs to the spot rate process are the forward rate curves and the spot rate
parameters (0, a, ¢). The forward rate curve is estimated from currently available prices
for the spot rates of US treasury instruments’. In deriving the forward rate'’, the period T-

1 to T forward rate is given by

(18)

where Tis the date T yield and #7-1is the date T-1 yield. More generally, the forward

“t”

rate from any date “t” to date T is given by

? Note that the spot and forward rate curves provide identical information. Having information on one leads
easily to the construction of the other.

1% Appendix B provides a Microsoft Excel Representation of the Excel Model used to calculate the study’s
forward rates.



Solving for the forward rate, we obtain

(1

9)

(20)
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A cubic spline piecewise interpolation is then fitted to the forward rate data to

ensure the maximum smoothness of the forward rate curve. Figure 4 presents a CDS

forward curve constructed from the corresponding spot CDS rates.

Figure 4: A Cubic Spline Piecewise interpolation
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The pricing of these interest sensitive instruments depend on the availability of
several points on the forward curve that has to be obtained from a finite number of
observed points in the market. Given this fact, if the researcher is able to fit an intuitively
smooth forward rate curve, then this would result in a yield curve that provides a sound
basis for implementing the no arbitrage term structure CIR model.

To interpolate between the collection of known forward rate points (Xo, yo), (X1,
Y1)s -eer (Xic1, Vi), (Xi, Vi), (Xi+1, Yi+1), ..., and (Xn, Yn), a third degree polynomial is
constructed between each point. The equation to the left of point (x;, yi) is indicated as f;
with a y value of fi(x;) at point x;. Similarly the equation to the right of point of point (x;,
y;) is indicated as fi+; with a y value of fi4(x;) at point x;.

The cubic spline model demonstrated in Figure 4 was derived using Microsoft’s
Excel application. The cross-sectional forward rate points were used in the spline model
to produce a smoothed forward rate curve.

For the spot rate parameter estimates, the procedure followed uses a no arbitrage
term structure CIR model, which is essentially an extended Vasicek model. The CIR
model was chosen because of its desirable mean reverting, Gaussian, affine and positive
characteristics. These stochastic variable models implicitly assume that the term structure
is flat or that all interest rates move up or down in line with each other. Additionally,
these models can be readily extended to incorporate a multi-factor analysis, which will be

exploited in later analyses.
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Taking the time to maturity as T-t € {3 months, 6 months, 1, 2, 3, 4, 5, 6, 10
years}, the longest time to maturity of a treasury bond closest to 30 years. A fairly simple
specification of the model to be estimated in SAS can be represented as;

Treasury, = Treasury,.; + k (6 — Treasury,.;) (21)

The sample variance, mean reversion parameter and long term mean is computed
using the smoothed forward rate curves previously generated over the sample period. The
parameter estimates and the standard errors for this non-liner regression are;

(a) k=0.001714 (0.0237)
(b) =0.02967 (0.1737)

(c) o, = 0.0000684 (0.00037)

4.3.2 Liquidity Parameter Estimates

To estimate the three-factor reduced form model the term structure estimates for
the liquidity process was estimated empirically following the procedure of section 4.3.1.
The sample’s volatility, long-term mean and reversion factor were computed from the
smoothed CSFB liquidity index forward rate curve. The estimates and standard error are
presented below;
(d) x=0.10 (0.00321)
(e) =0.80 (0.02976)
() o:=0.0010 (0.00002)
Chen et al (2004) found that changes in liquidity and credit ratings alone explain 33% of

cross-sectional variations in investment and speculative grade bond spreads. Given the
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importance of liquidity in bond pricing, it is believed that the introduction of this
parameter in the CDS pricing model will help to improve the explanatory power of the
model and explain the cross-sectional variation in the CDS spreads. A review of the
empirical literature indicates that the usage of a liquidity parameter in the pricing of
credit default swaps has never been undertaken before, hence this approach will add to
the growing CDS pricing debate and literature. Section 4.5 presents the extended hazard

function, which incorporates the liquidity variable.

433 Default Parameter Estimates

Following a popular approach used by the academic literature, the issuer’s default
intensity can be modeled as following a stochastic Poisson process, characterized by
jumps in the process. The study’s default parameter estimates were obtained by using
non-linear OLS to fit the term structures of default swap quotes to the estimated arbitrage
free spot rate evolution. The non-linear regression procedure is implemented using both
cross-sectional and time series observations of swap premia.

Given the spot rate parameter estimates of 0, o, and ¢ from the spot rate evolution
process and the term structure of the swap prices, A9 and A, in equation 22 are inverted, to
obtain the parameter estimates (using a sums of squared error minimizing procedure).

My = max [Aog + Mirgy, O] (22)
Where Ao(t) > 0 is a deterministic function of time “t” and A; is a constant. In this

formulation, the (pseudo) probability of default per unit of time is assumed to be the
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maximum of a linear function of the spot rate »(t) and zero. The maximum operator 1s
needed in the expression to ensure that the intensity function doesn’t become negative.
The intercept of the intensity process is a deterministic function that is restricted
to be a constant. Since this model has only two parameters, there will be errors in
matching the term structure of default swap quotes. Hence the parameters were chosen to

minimize the sum of squared error between the theoretical and market quotes.

4.3.4 The Recovery Rate

There are two approaches for the specification of the recovery rate. The first is to
consider it as just another parameter, and estimate it from the data along with the other
parameters. The second method is to a priori fix a value. A number of researchers in the
economic literature suggests that although the first method seems preferable, it turns out
that it is hard to identify the recovery rate from the data, see Duffee (1998 p.203), Duffie
and Singleton (1999, p. 705) and Houweling and Vorst (2001 p. 16). This may pose a
problem for some applications; fortunately this does not affect the pricing of credit
default swaps. Houweling and Vorst (2001) found that the pricing of default swap
premium is relatively insensitive to the assumed recovery rate. As such the study assumes

a constant recovery rate across the observation period.

4.4 Credit Default Swap Valuation

From the preceding analyses and given the constant recovery rate, 6 = 6, where &

is a constant. The fair value of a named credit default swap can be easily computed using
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equation 23, as outlined in Jarrow (2001). As mentioned in section 4.1 the CDS data set
was subdivided into 2 sets for estimation and forecasting. Dataset 2 will now be used to
test the predictability of equation 23, to see how accurately the simulated prices match

market prices.

[[20(5) + A4 {11 0,8) = 1+ 2) 5, (0,)} (0,5 : 0)ds

T
Iv(O,s :0)ds

0

Cr

(23)

4.5 Extending the Jarrow Reduced Form Model

As discussed in Chapter One, section 1.4, this study will extend the Jarrow
Reduced form two-factor model by including a variable to capture liquidity in the
corporate credit market, which has become a significant component of the global credit
market. Following Fleming (2003) liquidity is defined as a barometer of market
conditions, which signals the willingness of market makers to commit capital and take
risks in financial markets. In addition, Fleming (2003) found that of all the popularly used
liquidity proxies (such as quotes and trade sizes), the bid-ask spread (the difference
between bid and offer prices) is a superior measure for tracking liquidity. The credit
liquidity data is obtained from the Credit Suisse First Boston’s (CSFB) Liquid U.S.

Corporate Index (LUCI), which is derived from daily, weekly and/or monthly bid ask
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data. The index is comprised of 543 issues with a total market capitalization of $545.93
Billion as of 11/01/02.

Given the spot rate parameter estimates from section 4.3.2 and the term structure
of the swap prices, the non linear estimation process is repeated, but this time including a
second explanatory variable, the LUCI — liquidity measure, denoted L. It is assumed that
as liquidity increases in the corporate credit market, the price of the CDS will increase,
hence the coefficient of L; will be positive. Therefore the extended specification of the
hazard function will be as follows;

Ao = max [Aog + Mirg + Azl gy, 0] 24

Given the constant recovery rate of section 4.4, the fair value of a named credit default
swap can be easily computed under the extended model now using equation 25, an

extension to the Jarrow (2001) model.

Tj[,l(, () + A, {11, (0,8) = (1 + 2,)75, (0,8)} + 2, {11, (0,5) - (1 + 2, )&, (0,5)}](0, s : 0)ds
0

]‘v(O,s : 0)ds

0

(25)
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4.6 Conclusion

This chapter describes the data and lays out the empirical procedures of the study.
The chapter starts out by reviewing the CSFB CDS dataset, which covers the sample
period 12/1/02 to 2/10/04. The sample covers 53 companies across 18 industries. The
empirical procedure lays out the processes for estimating the parameters of the Jarrow
reduced form model, which will be used in chapter S in the CDS valuation exercises. In
addition to the estimation of the Jarrow two-factor parameters, the chapter also develops
on the three-factor model, describing the liquidity parameter and outlining the source of
the data for this parameter. Both the spot rate and the liquidity term structure estimates

are calculated and presented.



CHAPTER FIVE

5.0 Overview

This chapter first discusses the properties of the default swap dataset and then
implements an approximate default swap pricing method often applied by financial
market participants. The study then presents the results of applying a reduced form credit
risk model to the data set. The chapter concludes by estimating the three-factor model
and testing the model with both “in” and “out” sample data. Since it was not possible to
collect data on the volume of trading for the CDS, the analysis was based on quotes

obtained on a cross section of corporate entities.

5.1 Discussion of the Results

Figure 3 plots GECC CDS premia and the U.S. Treasury yields of corresponding

maturity.

Figure 3: Credit default Swap Spreads
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Table 3 summarizes characteristics of the sample’s default swap quotes. The table
shows the average CDS quotes by industry and credit rating over the observation period
for each of the listed referenced entity. This information, which is also modeled in Figure
2, depicts the average premia curves for each rating category, and shows the spread above
Treasury. The table also shows that the average cross-sectional spread for each entity
increases with the maturity of the swap.

Table 4, which presents the sample’s descriptive statistic, shows that the mean
spread increases as credit rating increases for the Syr CDS. This is important because
anecdotal evidence suggests that credit rating is an important determinant of default
premiums, and as Houweling et al (2002) suggests, “Average premiums move linearly
with credit quality”, so average premium appears to increase with an increase in credit
quality. Table 5 presents the non-linear regression results of the average default swap
parameters over the sample period, measured in basis points. The average intensity
parameter estimates for A¢ ranged from a low of 11.81 for E.I. Dupont to a high of
1694.91 for Qwest, whilst the A; estimate ranged from a low of 0.011 for Visteon Corp to
a high of 29.07 for Computer Associates of Long Island, NY. All parameters were found
to be statistically different from zero, and with R* values above 90%. Since the study
used estimated hazard functions derived from the credit default swap premia, it is
believed that this will give a fairly good representation of the default and credit risk
relationship. From the analyses, and consistent with Jarrow’s findings, A; is positive
indicating that as interest rates increase, the likelihood of default also increases, an

observation that conforms to economic principle.
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The hazard rate functions of all 53 firms had root mean errors of less than 0 basis
points. These fitting errors compares well since the root mean square error, a kind of
generalized standard deviation, which measures differences between subgroups or
relationships between variables is close to or less than zero. These small errors are
evidence that the CDS valuation model is relatively successful in capturing both the level
and variation in default and credit risks.

Using these estimated parameter values for the hazard function; the study then
used the closed form expression in equation 23 to solve for the credit default premia.
Summary statistics for the difference between the implied and the market credit default
swap premia are reported in Table 6. These summary statistics include the average
differences with their respective t-statistics, the minimum and maximum values of the
difference, and the serial correlation of the difference. From table 6 the pricing errors
range from being positive to slightly negative for the study’s reference entities indicating
that on average the model does a good job of pricing the CDS premia observed in the
market. The t-statistics show that approximately 90 percent of the average differences of
the sample is statistically significant.

Although, the average differences are generally all positive (except Lockheed
Martin Corp, Rohm & Haas and Altria Grp), there is significant cross-sectional variation
in the average differences across credit rating. For example in the AAA category, the
average differences range from low values of 0.98 basis points for AIG to 45.12 basis
points for GE and in the A category a low of 4.82 basis points for Dell to 45.82 basis

points for Household Finance Corp, respectively. The cross-sectional mean and standard
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deviation of the average differences are 71.78 and 147.18 basis points respectively. This
appears consistent with Duffie (1999) who suggests that reduce form models have
difficulty explaining the observed term structure of credit spreads across firms of
different qualities. In particular, such models have difficulty generating both relatively
flat yield spreads when firms have low credit risk and steeper yield spreads when firms
have higher credit risk. It is believed that this shortcoming can be overcome by extending
the two-parameter hazard function model to incorporate a parameter that measures
liquidity of the corporate credit market, since it is believed that the level of liquidity in
the market place can have a significant effect on prices. The extension of the model to
accommodate this liquidity parameter was discussed in Chapter 4, section 4.5 and the

estimated results presented in section 5.1.1.

5.1.1 Results of the Extended Three-Factor Reduced Form Model

Table 7 presents the parameter estimates for the extended reduced form model
discussed in chapter 4, section 4.5. CSFB Liquidity data measured in basis points was
added to the original sample allowing the study to add a liquidity variable to the original
model. Table 7 demonstrates that the average intensity parameter estimate for Ay ranged
from a low of 3.873 for Citigroup to a high of 1693.57 basis points for Qwest. The
estimates for A; ranged from a low of 0.0268 for Ace Ltd to a high of 12.9324 for

Computer Assoc, whilst the A, estimate ranged from a low of 0.3731 for Ace Ltd to a
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high of 137.7015 for Computer Assoc. All estimates were statistically different from
zero, with R” above the 90% level.

Consistent with the earlier discussion in section 5.1, the root mean error of the
estimates were all less than zero, and A, was found to be positive, indicating that as
interest rates increases, the likelihood of default also rises. Thus resulting in the study’s
acceptance of hypothesis one. Additionally, the extended model also returned positive
parameter estimates for A,, indicating that as liquidity increases the prices of the CDS
also increases, thereby offsetting the excess liquidity in the market place. Also, the
parameter estimates for A, were larger that those obtained for A; indicating that liquidity
had a greater influence in explaining the CDS spreads than the spot rate. This is
consistent with results obtained by Chen et al (2004) in their work in examining the
importance of liquidity in corporate yield spreads.

Table 8 presents the variance of the implied and market CDS prices, based on the
closed form expression in equation 25. The results also include summary statistics such
as the t-Stats, Min and Max values of the differences between the implied and actual CDS
prices. As with the earlier specification discussed in section 5.1, the pricing variance
ranges from positive to slightly negative. This finding appears to compliment a recent
study by Longstaff et al (2004) who suggests that the market prices of credit risk may be
larger than observed. The cross-sectional standard deviation of 148.11 suggests that like
the Jarrow model the extended model also shows significant variation across credit

ratings. However, the model’s cross-sectional mean of 67.49 indicates an improvement of
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the extended model’s explanatory power over the original Jarrow model and thereby
highlighting an implication of functional forms.

Given the variance of the implied to the observed market prices, the study can
reject the hypothesis that the inclusion of the liquidity measure would fully determine the
CDS valuation procedure. However, though the extended model did not fully determine
the CDS valuation, its explanatory power did outperform the original Jarrow model. As
evidenced from the discussion in the previous paragraph, the cross-sectional mean of
67.49 was a 4 basis point improvement over the Jarrow model’s results in Table 5.

The average differences in CDS prices per business presented in Table 8, appear
to be in distinct ranges along the lines of credit quality. The double AA’s appear to range
between 3.66 (DD) to 7.05 (WMT), the single A ranging from 4.44 (DELL) to 46.22
(DOW), BBB ranging from —40.58 (MOT) to 170.04 (FON), BB ranging from 186.69
(GPS) to 300.5 (GLW) and B 1012.88 (QUS). Cross-sectional variation on the other hand
appears to move inversely with credit quality. This variation could be due in part to one
or a combination of the following observations:

(a) Inadvertent under-pricing of credit risk by the major Hedge Funds;

(b) The models inability to capture the effects of institutional discounts which

could lead to a net basis point reduction of current observed pricing;

(c) Cross sectional variations could be due to credit rating changes among

businesses, which was more evident during 1Q03.
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(d) The CDS’ own level of liquidity or illiquidity; Chen et a/ (2004) suggests that
the liquidity effect in Bond spreads remains significant even after controlling

for several yield spread factors such as credit ratings, maturity and tax effects.

5.1.2 Stability of the Study’s Parameter Estimates

To determine the stability of the parameter estimates presented in both tables 5
and 7, the sample was subdivided into bi-weekly increments and the coefficients of the
parameters estimated for each period. Table 9 presents the bi-weekly estimates for IBM,

and figure 5 gives a graphical representation of the data.

Figure 5: IBMHazard Function Parameter Estimates

30.0000

‘ W
20.0000

—e—AWg N
8 - Ag A
10.0000 £ —a—Ag R

ﬂHH\M\ﬂ\Wﬁwqﬂxf4

Basis Points

0.0000
'b’b'b‘b'b'b'b’b'b'b'béb@&@
@@§§§§§$$§§§§ ®
&y&&&@@@&ﬁdé @@@
Period

From both table 9 and the exhibit in figure 5 it can be seen that the parameters appear

stable across both the sample and the forecasting period.
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This exercise was extended to include other reference entities so as to further test
the reliability and stability of the parameter estimates. Table 10 presents the parameter
estimates for both the first half of the dataset; 12/31/02 to 7/25/03 and the second half
used for forecasting 7/28/03 to 02/10/04. The summary statistics presented in table 11
shows that both sets of estimates are highly correlated, and are not significantly different
from each other''. Thereby indicating that all parameter estimates were stable across both
periods of the study. This finding is thus consistent with Jarrow (2000) where the

parameter estimates where shown to be consistent across the study period.

5.1.3 Testing the functional forms on both in and out-Sample Data

Tables 12 through 15 displays the effects of credit quality on CDS prices and
through the model’s goodness of fit (R*), shows how well the forecasted models simulate
observed prices in the market place. The results appear mixed for both models. While the
in sample extended model appear to be far superior'? to the in sample two factor model,
the extended out of sample model appears to return a marginally better fit than the
corresponding out of sample two factor model as indicated by the R* presented. In terms
of pricing volatilities, both the Jarrow and extended out sample models indicated that a 1
basis point change in the observed model resulted in a less than 1 basis point change in
observed prices. On the other hand, the in sample models produced a 1 for 1 basis point

change, thereby indicating that as we move out of sample the model becomes less

! Since the study is only interested in whether the second sample is different from the first, a one tail test is
relevant. The p-value of the observed statistic for A, is 0.5. Since the value is greater than 0.05, the second
sample is not significantly different from the first.

"2 The g:xtended models in-sample R? of 93% was far superior to that of the Jarrow model which returned a
87%R
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responsive to basis point changes. Additionally, the analyses involving the inclusion of
credit quality proxies for both models was found to be significant indicating that credit
quality is also an important variable in the pricing of credit default swaps.

The intercept, oy, was found to be positive and greater than zero in all cases,
suggesting the influence of other factors on CDS prices, other than the short rate and
liquidity. The factors appear to be more apparent as the study moves from in sample to
out-sample, which could be due to one or a combination of the cross sectional variation

drivers discussed in section 5.1.1.
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CHAPTER SIX

6 Conclusion

Over the past few years, financial markets have been marked by increased
volatility and risk, due in part to the decline of credit quality brought on by
unfavorable economic shocks. As a result of this scenario, there has been a sharp rise
in the use of credit default swaps by investors to reduce credit and market risks.

Given the growing importance of the credit default swap market and the prices
paid by default protection seekers; this study thus examines both a three-factor model
for credit default swap valuation and the Jarrow (2001) two-factor mean reverting
model. The three-factor model extends Jarrow (2001) two-factor model by adding
three important features. First, the dataset used is more extensive and provides far
more data points for analysis. Secondly, the Ornstein-Uhlenbeck process is replaced
by a CIR process, which allows the study to retain the Jarrow (2001) mean reverting
properties, while making the model arbitrage free. Thirdly, a second explanatory
variable; liquidity, is introduced to the model, because it is conjectured that the level
of liquidity in the CDS market plays a significant role in the valuation of the CDS
premia.

Both models were implemented empirically and the study found clear
evidence from both models that the implied cost of credit risk is significantly higher
than the market value for most of the companies of the sample. However when the

implied premia results of both models were compared, the extended three-factor

80
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Model did a better job in matching the observed market data, suggesting that the
addition of the liquidity variable improved the explanatory power of the model.
Additionally, though the extended model exhibited only a marginal improvement
over the Jarrow two-factor model, this small basis point improvement could
potentially be translated into pricing improvements between both models to the tune
of millions of dollars given the size and volume of daily CDS trading in the
derivatives market.

The study also found that both models displayed wide cross-sectional
variation. This variation could be due in part to one or a combination of the following
observations:

(a) Inadvertent under-pricing of credit risk by the major Hedge Funds;

(b) The models inability to capture the effects of institutional discounts which

could lead to a net basis point reduction of current observed pricing;

(c) Cross sectional variations that are due to credit rating changes among
businesses, which were probably more evident during 1QO03, after a
number of notable bankruptcy scandals.

(d) The CDS’ own level of liquidity or illiquidity; the liquidity effect in the
credit default spreads remains significant even after controlling for yield
spread factors such as credit ratings.

From a policy standpoint, if Hedge Funds and Investment banks are under-pricing the

cost of credit risk then these actions could seriously undermine the levels of investor
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risks in the market place. Such actions would not allow investors to adequately gauge
the cost of risky investments and could result in significant losses to stakeholders and
investors if the underlying bonds default.

Economic theory suggests that market and credit risk are related to each other
and not separable. The results of both models in the study have affirmed this view.
The parameters of the hazard function were found to be positive for both estimated
parameter, suggesting that credit and market risks are positively related. Comparisons
with other research on existing reduced form models (where default-risky term
structures were estimated separately from the default free term structure), show
similar results with positive hazard function parameters.

As mentioned earlier, though the three-factor reduced form model adds
valuable characteristics to the existing reduced form models in the literature, it only
outperforms Jarrow’s model by a small amount, in terms of the overall explanatory
function of the model. Also, while these improvements are realizable, the magnitude
is dependent on a number of unknown quantities, such as institutional discounts, at
the time pricing is made. Interestingly, the study found that the liquidity estimates
were positively associated with both the CDS spread premia and the spot rate. These
results have important implications both for asset pricing as well as corporate finance,
as these add to the rapidly growing literature on the effects of liquidity on CDS
prices.

The empirical results also showed that both models obtained small cross-

sectional variation in the high yield credit grade, however for both models the level of
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cross-sectional variation increases with a decline in credit quality. Additionally, both
models had analogous root mean errors of less than zero basis points, which infers
that both models were relatively successful in capturing the levels of variation in
default and credit risk. However, while the three-product model achieved better
results when valuing short term maturity, it would be interesting to see if future
extensions of this model could conduct valuations of longer term maturities to
determine the efficiency of the model in pricing both long and short term maturities.
Finally, it can also be concluded that credit quality is also an important
variable in the pricing of credit default swaps, and as such it is being suggested that
future models proxy credit quality term structure, which should help to reduce the

cross-sectional variations seen in this study.
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Appendix A

The Black-Scholes Option Pricing Model

The Black-Scholes model has been the cornerstone and general framework
from which modern derivatives pricing models have taken off. The problem of
pricing derivatives is to find a pricing function D(S,, #) that relates the price of the
derivative product to S, the price of the underlying asset, and possibly to some other
factors such as market and credit risk.

Below is a derivation of the Black-Scholes equation via a fairly intuitive
partial derivative equation approach. Consider a European style option'?, written on
an underlying asset, such as a stock or bond that trades in the market at price S, and
some payoff function A(S) has been specified, which determines the value of the
option at expiration time 7. For ¢ < T, the option value V should depend on the
underlying price §; and the time ¢. The only parametric information on this portfolio
available to the investor at the onset of this investment contract is the initial price
V(S, t) and the option’s value at expiration which suggests that V(S, 7) = A(S). After
the deal is structured and time passes, the value of the option changes, because the
expiration date approaches and possible fluctuation in the underlying asset price. So,
across a short random time interval 8, and using a Taylor series expansion, V can be

represented as:

V=V,&+ V8 + 112V(8S)* + ... (26)

13 These options can only be exercised on the expiration date of the Option. Thus any value it has for
t<T comes from passively waiting to receive this possible payout.
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The neglected terms are of order (8,)?, 888,, and (85)’and higher. Random walks and

Brownian motion may be used to explain the rational of retaining terms of order (85)°
while eliminating the other terms.

Now given the preceding discussion the option’s price can be determined by
creating a replicating portfolio, which has a specific investment strategy involving
only the stock and a cash account that will yield exactly the same eventual payoff as
the option in all possible future scenarios. Its present value must therefore be the
same as the present value of the option, and if the present value of the stock is
determined, the option’s should be easily obtained.

Therefore for a given portfolio /7 consisting of ¢; shares of stock S, y; units of
cash account B; and assuming a self-financing strategy with ¢ and y, being positive
or negative corresponding to the investor’s long or short position in the underlying
asset. Over a short time interval, due to the self-financing properties, discussed in
Section 3.1, the value in the portfolio thus becomes

OIT= ¢3S + yrB,& 27)
If 3B, = rB,d; , where r is the rate of interest, then the difference in value between the

two portfolios can be represented as;

O(V—1II) = (V,— yrB)o, + (Vs — 9)0, + 12V(Vi(8S)° + ... (28)
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Equation 28 above depends on the unknown change S, but the first order
dependence on § can be eliminated by taking @, = V;. This determines ¢, and
simultaneously removes the *‘randomness" from the equation (transforming a
Brownian motion with drift, to a standard Brownian motion). Alternatively, if the
investor is able to compute the function V;, then he can compute its derivative with
respects to S and artificially implement a trading strategy that at first order tracks the
same risks.

Since the difference portfolio is now non-risky, it must grow in value at
exactly the same rate as any risk-free bank account, because of the assumption of no
arbitrage (lack of possibility to make a profit without risk). In the absence of the no
arbitrage assumption then;

o(V—1I) = r(V-1I)o, (29)
If (V- II) > r(V - II)d,, then an investor could borrow money at rate 1 to acquire
the portfolio (¥ - IT), holding the portfolio for a time d;, and then selling, with the
growth in the difference portfolio more than enough to cover the interest costs on the
loan.
Conversely, if 6(V — II) < r(V - II)d;, then sell the option in the marketplace for V,
cover the risk by purchasing ¢, shares of stock and loan the rest of the money out at
rate r.

Recalling that:

r(V )3, = (V; — YirBd, + 1/2Vss(5,)’ (30)
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and given that quadratic variation of the geometric Brownian motion is deterministic,
and can be depicted as;
(68)’ = 6”S;6, (31)

and where if d, is small, the stochastic process S; becomes a Brownian motion or
wiener process. Therefore substituting in equation 30 gives;

r(V =)o, = (Vi— YarBo, + 1126°S* V0, (32)
Canceling the J, terms, and recalling that; V—II1 = V' — @« - ¥YoB,, and ¢ = V5,
so that on the left r(V - IT) = rV - rV,S - r¥B,. The terms — ¥rB, on left and right
cancel, leaving the Black-Scholes equation:

V:+ 1/26°S° Vs + 1SV, —rV =0 (33)

Note that the drift coefficient “a” has disappeared, hence does not affect the
value of the option. The partial differential equation depends only on the volatility o
and the risk-free interest rate r. This partial differential equation (PDE) must be
satisfied by the value of any derivative security depending on the asset .S. Option
prices can also be calculated and the Black-Scholes equation derived by probabilistic

methods. In this equivalent formulation, the discounted price process e"S, is shifted

into a "'risk-free" measure using the Cameron-Martin-Girsanov (CMG) Theorem, so
that it becomes a martingale. The option price V(S is then the discounted expected
value of the payoff A(S) in this measure, and the PDE is obtained as the backward
evolution equation for the expectation. The derivation above follows the classical
derivation of Black and Scholes, but the probabilistic view is more modern and can

be more easily extended to general market models.
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An Empirical Review of US Corporate Default Swap Valuation:
The Implications of Functional Forms

Dissertation directed by Derrick Reagle, PhD

This paper first develops a reduced form three-factor model for valuing credit default
premia that is used to provide implicit prices which are then compared with market prices of
credit default swaps to determine if swap rates adequately reflects market risks. This model
extends Jarrow (2001) two-factor model by adding three new features to enhance the
effectiveness of the model and add to the growing debate on the empirical pricing of credit
default swap and the effectiveness of reduce form models. Firstly, the extended model retains
Jarrow’s mean reverting properties but will be extended to be arbitrage free because of the
use of a Cox-Ingersoll-Ross (CIR) process, thus improving the study’s ability to estimate the
no arbitrage value of the CDS premium. Secondly, a liquidity variable is added to the model
to capture the level of liquidity in the market, which conjectively impacts CDS valuation.
Thirdly, the model now makes use of an expanded dataset of 53 companies and 15 months of

daily data, which should lead to more robust estimators.

The paper first develops the Jarrow (2001) two-factor mean reverting model of credit

default swap valuation, with a constant recovery rate and a non-linear hazard function.
Methodologies were then proposed for extending Jarrow’s model to a three-factor model so

as to improve the effectiveness of the model in pricing the study’s short-term maturities. For



the three-factor model the study assumed that CDS prices are a function of the spot
rate of interest and CDS market liquidity. The study follows the assumption that default
probabilities are implicit in the default swap prices and market and credit risks are correlated

across companies and dependent on the state of the macro-economy.

The study derived a closed-form expression for CDS prices, and examines its
implications for pricing under both the two-product and three-product methodologies. Both
models were empirically tested using daily CDS pricing data from December 31, 2002 to July
25" 2003. In both models the parameters of the hazard function were estimated using non-

linear regression. Finally, empirical evidence of the model's performance is presented.
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